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ON CONIVEAU FILTRATION OF GROTHENDIECK
GROUP OF A SCHEME
SHAHRAM BIGLARI
1. Introduction
In this work we deal with the coniveau filtration on the Grothendieck
group K0 of coherent modules on a scheme and its behavior under presence
of other algebraic structures on K0.
For a (noetherian) scheme S of finite dimension d, the Grothendieck group
of coherent modules on S, denoted by K ′0(S), has a decreasing filtration
K ′0(S) =: Fil
0
top ⊇ Fil
1
top ⊇ . . . ⊇ Fil
d+1
top = 0
where the subgroup Filqtop is generated by classes of modules whose support
is of codimension at least q (see §2). Now assume that S is in addition reg-
ular (and separated). The group K ′0(S) is then isomorphic to Grothendieck
group K0(S) of locally free coherent modules (cf. 2.13). In particular K0(S)
is a ring whose underlying additive group is equipped with a decreasing fil-
tration (induced from the isomorphism K0 ≃ K
′
0). The important question
is whether this filtration is multiplicative; i.e. if
Filptop · Fil
q
top ⊆ Fil
p+q
top .
A result of Grothendieck appearing in [SGA 6, Exp. 0] (and using Chow’s
moving lemma) gives a positive answer to the question in the case of smooth
quasi-projective schemes over a field.
Here we drop some assumptions on the base scheme and prove a first case
of a general multiplicativity result. More precisely, we prove:
Theorem (3.4).− If Z1 and Z2 are regularly embedded closed subschemes
of respective codimension q1 and q2 in a regular noetherian separated scheme
S, then
cl(OZ1) · cl(OZ2) ∈ Fil
q1+q2
top (S).
The ring K0(S) has a λ−ring structure (see the discussion preceding 2.4).
There naturally arises the question of whether this structure is in an appro-
priate sense compatible with the coniveau filtration. This is therefore within
the context of the vast discourse of Riemann-Roch (a´ la Grothendieck).
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Classically, an up to torsion isomorphism between the γ−filtration and
the coniveau filtration is established first (cf. 4.8 where a proof of this is pre-
sented). Then it will be clear that these filtrations on K0(S)⊗ZQ commute
with such natural operations as λn and γn.
We prove that the Adams operations ψn (cf. (4.1.1)) respect the coniveau
filtration on K0(S) in a strong sense. More precisely:
Theorem (4.4).− If S is a regular noetherian separated scheme, then for
any n ≥ 1, q ≥ 1 and x ∈ Filqtop(S) we have
ψn(x)− n
qx ∈ Filq+1top .
2. Grothendieck groups and their filtrations
We first recall a few definitions and facts from [SGA 6, Exp. IV, §2] on
Grothendieck groups. For a (noetherian) scheme X let
K ′0(X) := K0
(
Dbcoh(X)
)
be the Grothendieck group of the derived category of (cohomologically)
bounded complexes of OX−modules with coherent cohomology modules.
This is an abelian group and (for noetherian X) can also be defined as the
(na¨ıve) Grothendieck group of the abelian category of coherent modules.
For an arbitrary scheme S, we also consider the Grothendieck group
K0(S) of the exact category of locally free coherent OS−modules. Note
that the latter is in fact the na¨ıve K0 of the scheme. The better definition
is considered to be the Grothendieck group
K◦(S) := K0
(
D(S)parf
)
of the triangulated category of perfect complexes. For a scheme S there are
natural homomorphisms arising from categorical embeddings;
K0(S)
i
−→ K◦(X)
θ
−→ K ′0(S).
If S is a noetherian scheme having an ample family of invertible modules in
the sense of [SGA 6, Exp. II, 2.2.4] (resp. being separated regular), then i
(resp. θ) is an isomorphism.
Remark 2.1. The above constructions are functorial. More precisely, the
following assertions (all explained in [SGA 6, Exp. IV, 11-12]) hold:
1. S 7→ K0(S) (resp. S 7→ K
◦(S)) defines a contravariant functor from
schemes to commutative rings.
2. S 7→ K◦(S) defines a covariant functor from noetherian schemes with
proper morphisms of finite tor-dimension to abelian groups.
3. X 7→ K ′0(S) defines a covariant functor from noetherian schemes with
proper morphisms to abelian groups and a contravariant functors
from (noetherian) schemes with morphisms of finite tor-dimension
to abelian groups.
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The tensor product (resp. derived tensor product) of modules (resp. com-
plexes) gives K0(S) (resp. K
◦(S)) the structures of a commutative ring so
that i is a homomorphism of rings. There is similarly obtained a pairing
(2.1.1) K◦(X)⊗
Z
K ′0(X)→ K
′
0(X), s⊗ x 7→ s · x.
Proposition 2.2 (Projection formula).− Let f : X → S be a proper mor-
phism of noetherian schemes. The formula
f∗(f
∗(s) · x) = s · f∗(x)
holds for all s ∈ K◦(S) and x ∈ K ′0(X). If f is in addition perfect, the
formula holds in each of the following cases:
1. for all s ∈ K◦(S) and x ∈ K◦(X),
2. for all s ∈ K ′0(S) and x ∈ K
◦(X).
Proof. These are explained in [SGA 6, Exp. IV, 2.11-12] and all come
down to an isomorphism
Rf∗(E ⊗
L
X F ) ≃ Rf∗(E )⊗
L
S F
for perfect complexes F and coherent complexes E (treated in full details
in [SGA 6, Exp. III, 3.7]). 
Remark 2.3. We also note that with assumptions as in the main statement
above, the projection formula holds when s ∈ K0(S). This is because the
K0(S)−module structure of K
′
0(S) is defined through the homomorphism i
and the K◦(S)−module structure.
Now we consider the gamma (or Grothendieck) filtration of the ring K0
of a scheme. A reference for the basic results is [SGA 6, Exp. V, VI].
For a scheme S, the Grothendieck group of the category of locally free
S−modules of bounded finite rank is denoted by K0(S). As mentioned
earlier, using the tensor product of modules, this becomes a ring. Defining
for each n ≥ 0 and each x = cl(E ) the element
λn(x) := cl
(
AltnOS (E )
)
,
gives K0(S) a (pre-)λ−ring structure: λ
0(x) = 1, λ1(x) = x and the map
λ = λt : K0(S)→ 1 + tK0(S)[[t]], x 7→
∑
λn(x)tn
is a homomorphism of groups (cf. [SGA 6, Exp. V, §2]). Assume that S is
connected. In this case there is an augmentation ǫ : K0(S) → Z given by
cl(E ) 7→ rk(E ). Note that ǫ is compatible with each λi; for x = cl(E ) we
have from the corresponding results for affine schemes:
ǫ(λn(x)) = λn(ǫ(x)) = (n!)−1ǫ(x) · (ǫ(x)− 1) . . . (ǫ(x)− n+ 1).
Lemma 2.4.− The assignment S 7→ K0(S) defines a contravariant functor
from (connected) schemes to the category of (Z-augmented) λ− rings.
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Proof. The assertion that the above pre-λ−ring structure is a λ−ring
structure means that there is a ring structure on Λ
(
K0(S)
)
:= 1+ tK0(S)[[t]]
(with its addition being induced from the multiplicative group K0(S)[[t]]
×)
and a pre-λ−ring structure on it such that λt defined above is a ring ho-
momorphism compatible with λi (for details and a proof see [SGA 6, Exp.
VI, 3.3]). The functoriality follows from the fact that for any morphism
f : X → S, there is a canonical isomorphism
f∗AltnOS(E ) ≃ Alt
n
OX
(f∗E ). 
For s ∈ K0(S) set
(2.4.1) γt(s) :=
∑
i≥0
γi(s)ti := λt/1−t(s).
The γ−filtration of K0(S) is defined as follows. For each p ≥ 0 define
Filqγ(S) ⊆ K0(S) to be the subgroup generated by all expressions γ
i1(x1) ·
γi2(x2) · . . . · γ
ip(xp) with ǫ(xj) = 0 and
∑
ij ≥ q. It is convenient to define
Filnγ (S) = K0(S) for each n ≤ 0. By definition
Fil1γ(S) = ker(ǫ).
Proposition 2.5.− The following assertions hold.
(1) Each Filqγ(S) is an ideal of K0(S),
(2) for p, q ∈ Z we have
Filpγ(S) · Fil
q
γ(S) ⊆ Fil
p+q
γ (S).
Proof. These are clear from the definition. 
Now consider the group K ′0(X) defined for each noetherian scheme X.
Through the pairing (2.1.1) we shall always consider K ′0(X) as a module
over K0(X). Recall the definition of coniveau (or topological) filtration on
K ′0(X): for each j ≥ 0, the subgroup Fil
j
topK
′
0(X) ⊆ K
′
0(X) is defined to be
generated by classes of coherenet modules having a support of codimention
≥ j. Note that by definition
Filitop(S) = 0 for all i > dim(S).
Proposition 2.6.− Let E be a coherent module over a noetherian scheme
X. If codim(Supp(E ),X) ≥ q, then
cl(E )−
∑
x∈X(q)
lgOX,x(Ex)cl(O{x}) ∈ Fil
q+1
top (X)
where X(q) ⊆ X is the set of generic points of integral closed subschemes of
codimension q in X.
Proof. This is proved in [SGA 6, Exp. X, 1.2] where the definition and
results on the topological filtration is given in terms of dimension rather
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than codimension. We re-present the proof written for the filtration above.
For this set X ′ = Supp(E ). Let K ′ be the full subcategory of the category of
coherent modules over X formed by modules E ′ with Supp(E ′) ⊆ X ′ and for
which the assertion holds. Additivity of the length function implies that K ′
is a serre subcategory. Also 0 ∈ K ′ and for each integral closed subscheme
Z ⊆ X ′, the coherent X−module OZ is in K
′. The statement follows from
the de´vissage [EGA III1, 3.1.2]. 
Lemma 2.7.− Let f : S → T be a morphism of noetherian schemes.
(1) If f is flat, then f∗Filqtop(T ) ⊆ Fil
q
top(S).
(2) If f is proper and surjective, then f∗Fil
q
top(S) ⊆ Fil
q−d
top (T ) where
d ∈ Z is any integer with
d ≥ dim(f−1(f(s))) for all s ∈ S.
Proof. For these we will use the result [EGA IV2, 5.5.2] on the dimension:
let t = f(s), then
dim(OS,s) ≤ dim(OT,t) + dim(OS,s ⊗OT,t k(t)).
For (1): Note that Supp(f∗E ) = f−1Supp(E ) for a (coherent) T−module
E . Since f is flat, the above becomes an equality and hence for each closed
subset Z of T we have
codim(f−1Z,S) ≥ codim(Z, T ).
To prove (2) note that for each coherent S−module E it follows (from e.g.
the flat base change) that Supp(Rnf∗E ) ⊆ fSupp(E ) for all n ≥ 0. On
the other hand for each closed subset Z ⊆ S, from the above inequality for
dimensions we conclude that
codim(Z,S) ≤ codim(fZ, T ) + d
where d is larger than dimension of OS,s ⊗OT,t k(t) where t = f(s) for any
s ∈ Z. 
Example 2.8. For s ∈ S, the canonical morphism h : Spec(OS,s) → S is
flat. The induced (surjective) homomorphism from 2.7 is
h∗ : K ′0(S)։ K
′
0(OS,s), cl(E ) 7→ cl(Es).
Let E be a coherent S−module. It follows from the proof of 2.7 that for any
s ∈ S we have
(2.8.1) codim(Supp(Es),OS,s) ≥ codim(Supp(E ), S).
In the particular case where s is a maximal point, the homomorphism h∗
is given by cl(E ) 7→ lgOS,s(Es). It follows that if cl(E ) ∈ Fil
1
top, then
codim(Supp(E ), S) ≥ 1.
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Proposition 2.9.− For any closed subscheme i : Z → S of a noetherian
scheme S with the open complement j : U → S, the sequence
K ′0(Z)
i∗−→ K ′0(S)
j∗
−→ K ′0(U)→ 0
is exact.
Proof. A proof can be found in [SGA 6, Exp. IX, 1.1]. 
Lemma 2.10.− Let the notations be as in 2.9. For each q, the homomor-
phism j∗ : Filqtop(S)→ Fil
q
top(U) is surjective.
Proof. Let E be a coherent U−module with codim(Supp(E ), U) ≥ q.
There is an injective homomorphism E → j∗j∗E of OU−modules. Therefore
there is an OS−submodule G of j∗(E ) with j
∗(G ) ≃ E . Note that
Supp(G ) ⊆ Supp(j∗(E )) ⊆ (the closure of Supp(E ) in S).
But the codimension of the latter is exactly codim(Supp(E ), U). 
As mentioned earlier K ′0(S) is considered as a module over the ringK0(S).
Considering both of these objects with their filtrations we note that K ′0(S)
is a filtered modules over the filtered ring K0(S), that is:
Proposition 2.11.− The following assertions hold.
1. Each Filqtop(S) is a K0(S)−submodule of K
′
0(S).
2. For all integers p, q ∈ Z we have
Filpγ(S) · Fil
q
top(S) ⊆ Fil
q+p
top (S).
Proof. The first assertion follows from the second or alternatively note
that if E (resp. F ) is a coherent (resp. locally free) S−module, then
Supp(F ⊗S E ) = Supp(E )
and hence K0(S) · Fil
q
top(S) ⊆ Fil
q
top(S). The second assertion is proved in
[SGA 6, Exp. X, 1.3]. We give a slightly different proof. We need to show
that for E and F as above with codim(Supp(E ),X) ≥ q and ǫ(F ) = n we
have
γp(cl(F ) − n) · cl(E ) ∈ Filq+ptop (S).
For p = 0 there is nothing to prove and for p = 1 this follows directly
from 2.6. For the general case we use induction on n to prove the above for
all p, q, and S. The case n = 1 follows from the case p = 1. Let f : S′ → S
be the projective fiber of F . There is a rank one module L ′ on S′ with
f∗cl(F ) − n = (cl(F ′)− n′) + (cl(L ′)− 1).
where n′ = n− 1. Use the case p = 1 applied in S′ and obtain
s′ := [H]n
′
· f∗cl(E ) ∈ Filq+n
′
top (S
′)
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where [H] = 1− cl(OS′(−1)) ∈ K0(S
′). By induction and the case p = 1 we
conclude that s′′ := γp(f∗cl(F ) − n) · s′ is in Filq+n
′+p
top (S
′). It is enough to
note that γp(cl(F )− n) · cl(E ) = f∗(s
′′). 
There is a natural homomorphism
θX : K0(S)→ K
′
0(S), s 7→ s · cl(OS).
Corollary 2.12.− For each p ≥ 0 we have
θXFil
p
γ(S) ⊆ Fil
p
top(S).
Proof. This follows from 2.11 with q = 0. 
Proposition 2.13.− Assume that S is a regular noetherian separated scheme.
The following assertions hold:
1. θS is an isomorphism.
2. Filjtop(S) = θSFil
j
γ(S) for j = 0, 1.
Proof. The first assertion can be found in [SGA 6, Exp. IV] (and follows
from the fact that S has an ample family of invertible modules in the sense of
[SGA 6, II, 2.2.4]). For the second note that j = 0 is already the surjectivity
of θS . For j = 1, let E be a coherent module the codimension of whose
support is ≥ 1. Assume that S is connected. There is a complex L •
of locally free modules and a quasi-isomorphism ξ : E → L •. Let s ∈
S \Supp(E ). It follows that L •s is quasi-isomorphic to zero. By 2.4 the map
K0(S) → K0(OS,s) commutes with the augmentation and hence ǫ(cl(E )) =
ǫ(0) = 0. Therefore cl(E ) = cl(L •) ∈ ker(ǫ). In this case the class of L •
defines an element l ∈ Fil1γ(S). By definition θS(l) = cl(E ). 
Corollary 2.14.− If S is a regular noetherian separated scheme, then
Filqγ(S) = 0 for all q > dim(S).
Proof. Note that by 2.13 the map θS : K0(S)→ K
′
0(S) is an isomorphism.
Using 2.12 the result follows from the fact that by definition Filqtop(S) van-
ishes for all q > dim(S). 
3. A multiplicativity result
Let S be a regular noetherian separated scheme. We may use the re-
sult 2.13 to define a ring structure on K ′0(S). Equivalently, the underlying
abelian group of the ring K0(S) has a (topological) filtration Fil
q
top(S) :=
θ−1S Fil
q
top(S). As mentioned in the introduction, the question of multiplica-
tivity of coniveau (i.e. topological) filtration on K0(S) asks if
Filptop · Fil
q
top ⊆ Fil
p+q
top .
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Proposition 3.1.− Let the notations be as above.
(i) Assume that dim(S) <∞. The following assertions are equivalent.
1. Filptop(S) · Fil
q
top(S) ⊆ Fil
q+p
top (S) for all p, q ∈ Z.
2. For any integral closed subscheme Z →֒ S of codimension ≥ p
and any integer q ∈ Z we have
cl(OZ) · Fil
q
top(S) ⊆ Fil
q+p
top (S).
3. For any integral closed subschemes Z →֒ S and Y →֒ S of
respective codimensions ≥ p and ≥ q we have
cl(OZ) · cl(OY ) ∈ Fil
q+p
top (S).
(ii) Fil1top(S) · Fil
q
top(S) ⊆ Fil
q+p
top (S) for all q ∈ Z.
Proof. (i): 1 ⇒ 2 : We just need to note that cl(OZ) ∈ Fil
p
top(S). 2⇒ 3 :
This is evident. 3⇒ 1 : Using 2.6 and a decreasing induction on p+ q, it is
enough to show that a · b ∈ Filp+qtop where a = cl(OY ) (resp. b = cl(OZ)) for
an integral closed subscheme Y (resp. Z) of codimension p (resp. q). But
this is exactly our assumption. (ii): Note that Fil1top(S) = Fil
1
γ(S) by 2.13
and hence the result follows from 2.11. 
Lemma 3.2.− Let Y →֒ X be a regular closed immersion of noetherian
schemes and Z ⊆ Y a closed subscheme. If Y is pure codimensional, then
codim(Z,X) = codim(Z, Y ) + codim(Y,X).
Proof. We consider this as well-known. 
Proposition 3.3.− Let i : Z →֒ S be a regular closed immersion of pure
codimension 1 of regular noetherian separated schemes. Then
i∗(Filqtop(S)) ⊆ Fil
q
top(Z)
for each q ≥ 0.
Proof. Fix q ≥ 0. Let E be a coherent S−module with codim(Supp(E ), S) ≥
q. We show i∗cl(E ) ∈ Filq+ptop . Using 3.2, it follows that
codim(Supp(i∗E ), Z) = codim(Supp(E ) ∩ Z,S)− 1 ≥ q − 1.
We may assume that the equality holds. Using 2.6 for all cohomology mod-
ules of the complex Li∗(E ), we obtain
cl(Li∗E )−
∑
z∈Z(q−1)
lgOZ,z(Li
∗(E )z)cl(O{z}) ∈ Fil
q
top.
Let W = Spec(A) be an affine open subscheme of S containing z ∈ Z(q−1).
Let N and M be the A−modules corresponding to (the restriction to W of)
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i∗OZ and E respectively. Let the prime idea p ⊆ A be corresponding to z.
We note that lgOZ,z(Li
∗(E )z) = χ
A
p (M,N) where
χAp (M,N) =
∑
n≥0
(−1)nlgAp
(
Tor
Ap
n (Mp, Np)
)
.
For codimensions in Spec(Ap) we have
codim(Supp(Mp ⊗Np), Ap) = dim(Ap)
= q
< q + 1
≤ codim(Mp, Ap) + codim(Np, Ap)
where in the last inequality we have used 2.8. Therefore by the vanishing
theorem (part of Serre’s multiplicity conjectures) proved in [3, 5.6] and [5]
we obtain χAp (M,N) = 0. This implies that i
∗cl(E ) = cl(Li∗E ) ∈ Filqtop. 
Theorem 3.4.− If Y and Z are regularly embedded closed subschemes of re-
spective pure codimensions p and q in a regular noetherian separated scheme
S, then
cl(OZ) · cl(OY ) ∈ Fil
p+q
top (S).
Proof. We assume p ≥ q. Denote OY (considered as an S−module) by E .
Consider the blow-up of S along Z;
Z ′
f ′


 i′ // S′
f

Z 
 i // S.
The precise definition is given in [EGA II, 8.1.3]. The morphism f is a surjec-
tive perfect projective morphism. Therefore Rf∗ and Lf
∗ give well-defined
homomorphisms on K ′0 (cf. [SGA 6, Exp. IV, 2.12 & Exp. VII, 1.9]). Also
note that the morphism f ′ : Z ′ → Z is isomorphic to P(NZ/S) → Z where
NZ/S is the co-normal sheaf of i which is a locally free Z−module of rank p
(cf. [EGA IV4, 19.4]). The morphism i
′ being a regular closed immersion is a
perfect morphism and hence defines a homomorphism i′∗ : K0(Z
′)→ K0(S
′).
Let j (resp. j′) be the open complement of i (resp. i′). Form the diagram
Filq−1top (Z
′)′
i′
∗ // Filqtop(S
′)
j′∗ // Filqtop(S
′ \ Z ′)→ 0
Filqtop(S)
j∗ //
(f◦j′)∗
66
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
Filqtop(S \ Z)
f ′′∗
OO
in which Filq−1top (Z
′)′ is the subgroup of K ′0(Z
′) consisting of elements z′
with i′∗(z
′) ∈ Filqtop and f
′′ is the restriction of f to S′ \ Z ′. The diagram
is commutative with an exact row. In fact j′∗ is by 2.10 surjective. If
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s′ ∈ Filqtop(S
′) such that j′∗(s′) = 0, then it follows from 2.9 that s′ = i′∗(z
′)
for some z′ ∈ K ′0(Z
′). This shows that the diagram above has an exact row.
Consider in particular the element f∗(cl(E )) ∈ K ′0(S
′). Using the diagram
we obtain
(3.4.1) f∗(cl(E )) = e+ i′∗(z
′)
for some e ∈ Filqtop(S
′) and some z′ ∈ K ′0(Z
′). Next we claim that the
codimension (in S′) of each closed subset X ′ ⊆ S′ is ≤ codim(fX ′, S). To
see this let x = f(x′) ∈ fX ′ with dim(OS,x) being the codimension of fX
′
in S. If x 6∈ Z, then dim(OS,x) = dim(OS′,x′) which is ≥ codim(X
′, S′).
Otherwise assume that f−1(x) ⊆ Z ′. It follows from the dimension formula
for f ′ that
dim(OZ′,x′) = dim(OZ,x) + dx
where dx is dimension of the local ring of f
−1(x) at x′. By regularity of the
embeddings i and i′ we conclude that
dim(OS′,x′) = dim(OZ′,x′) + 1
= dim(OZ,x) + dx + 1
= dim(OS,x) + (dx + 1− p)
≤ dim(OS,x).
This shows that codim(X ′, S′) ≤ codim(fX ′, S). In particular, since for each
coherent modules E and each i ≥ 0 the support of Rif∗(E ) is ⊆ fSupp(E ),
it follows that
f∗Fil
n
top(S
′) ⊆ Filntop(S)
for all n ≥ 0. Consider the element λ−1(F ) ∈ K0(Z
′) where
0→ F → f ′
∗
NZ/S → OZ′(1)→ 0
is the exact sequence associated to the canonical epimorphism f ′∗NZ/S →
OZ′(1). It follows from the projection formula 2.2 and the the identity
f∗(λ−1(F )) = 1 from [SGA 6, Exp. VI] that
f∗
(
i′∗λ−1(F ) · f
∗(E )
)
= i∗(1Z) · cl(E ).
We shall compute the left hand side using the equation (3.4.1): for the
second term of the resulting equation we use [SGA 6] to obtain
i′∗(λ−1(F )) · i
′
∗(z
′) = i′∗(λ−1(F ) · (1− cl(OZ′(1))) · z
′).
Since OZ′(1) is of rank one, it follows from the exact sequence above that
λ−1(F ) · (1 − cl(OZ′(1))) = λ−1(f
′∗NZ/S). The later is by definition equal
to (−1)pγp(f ′∗NZ/S − p) which belongs to Fil
p
γ . Therefore by 2.11 and 2.7
we obtain
f∗
(
i′∗λ−1(F )) · i
′
∗(z
′)
)
= i∗
(
λ−1(NZ/S) · f
′
∗(z
′)) ∈ Filp+qtop .
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For the first term we use the projection formula, 3.3, the fact that λ−1(F ) ∈
Filp−1γ and 2.11 to obtain
i′∗(λ−1(F )) · e = i
′
∗
(
λ−1(F ) · i
′∗(e)
)
∈ Filp+qtop
This in view of the compatibility of f∗ with the topological filtration proven
above implies that f∗
(
i′∗(λ−1(F )) · e
)
belongs to Filp+qtop . Puting these to-
gether, we have
i∗(1Z) · cl(E ) ∈ Fil
p+q
top .
The result follows. 
Remark 3.5. The proof shows that for given p ≥ q and any regular immer-
sion i : Z → S of codimension p we have
cl(OZ) · Fil
q
top(S) ⊆ Fil
p+q
top (S).
Remark 3.6. For S as above denote the quotient Filmγ (S)/Fil
m+1
γ (S) by
grmγ (S). Define the graded group
gr•γ(S) :=
∐
m≥0
grmγ (S).
This is a commutative graded algebra and gr0γ(S) = Z. By 2.4 and 2.5,
the construction gives a contravariant functor from connected schemes S
to Z−augmented graded rings. Also defining for each q ∈ Z the K0(S)-
module grqtop(S) as the quotient Fil
q
top(S)/Fil
q+1
top (S) we obtain the graded
K0(S)−module
gr•top(S) :=
∐
q≥0
grqtop(S).
By 2.11 this is a graded gr•γ(S)−module with gr
0
top(S) = Z for connected S.
It is an interesting question to determine whether for a noetherian scheme
S (admitting an ample invertible sheaf) the gr•γ(S)−module gr
•
top(S) is
finitely generated.
4. Natural operations and coniveau filtration
For a regular noetherian separated scheme S, again we consider the iso-
morphism θS : K0(S) → K
′
0(S) from 2.13. This is used to define a λ−ring
structure on K ′0(S): i.e. the collection of θS ◦ λ
n ◦ θ−1S (denoted again by
λn) for n ≥ 0 defines a λ−ring structure on K ′0(S).
Proposition 4.1.− Let S be a regular noetherian separated scheme. For
each q ≥ 0, the subgroup ϑ−1Filqtop(S) of K0(S) is a λ−ideal.
Proof. Let E be a coherent S−module whose support has codimension
≥ q. There is a closed subscheme i : Z → S of codimension ≥ q such that
e := cl(E ) is in the image of i∗ : K
′
0(Z) → K
′
0(S); use (the proof of) [EGA
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III1, 3.1.2]. Let j : U → S be the open complement of Z. Let n ≥ 1. The
homomorphism u∗ : K0(S) → K0(U) is by 2.4 a λ−morphism and hence
u∗λn(e) = λn(u∗e) = 0. Using 2.9 (and the discussion above), it follows
that λn(e) belongs to the image of i∗; i.e. λ
n(e) ∈ Filqtop. 
From now on and for S as in 4.1 we consider K ′0(S) as a λ−ring without
mentioning θS .
For any λ-ring A, there are defined Adams operations ψn : A → A for
n ≥ 1;
(4.1.1) − t
dλ(x)
dt
/λ(x) =
∑
n≥1
ψn(x)(−t)
n.
Equivalently, we let ψ1 = idA and for any n ≥ 1 and x ∈ A, the element
ψn(x) is defined inductively by the equation
−nλn(x) = (−1)nψn(x) + (−1)
n−1ψn−1(x)λ
1(x) + . . . + (−1)ψ1(x)λ
n−1(x).
Corollary 4.2.− For any q ≥ 1, n ≥ 1 and x ∈ Filqtop(S) we have
ψn(x) + (−1)
nnλn(x) ∈ Filq+1top (S).
Proof. First note that by 4.1 and the definition of Adams operations, the
element ψi(x) belongs to Fil
q
top for each i ≥ 1. But q ≥ 1 and hence ψi(x) ∈
Fil1γ . This means that ψi(x)λ
n−i(x) belongs to Filq+1top for 1 ≤ i ≤ n − 1.
This together with the equation defining ψn prove the assertion. 
To prove our next result, we need to recall one more notation from [SGA
6, Exp. V, 4.9]. For A as above fix an element N such that λk(N) = 0 for
all k > d. Let n ≥ 1 and x ∈ A. The element λn(xλ−1(N)) is divisible by
λ−1(N). There are (universally) well-defined elements λ
n(N,x) such that
λn(xλ−1(N)) = λ
n(N,x)λ−1(N).
Similarly γn(N,x) is defined.
Lemma 4.3.− Let R be a Z−augmented λ−ring, N an element of R such
that λk(N) = 0 for k > d and x ∈ Filqγ with q ≥ 0. Then for each n ≥ 0
λn(N,x) + (−1)nnq+d−1x ∈ Filq+1γ .
Proof. We shall follow the setting and notations in the proof of [SGA 6,
Exp. V, 6.10]. We may write
x =
∑
α
aαγ
i1(xα,1) . . . γ
ik(xα,k)
where k ≥ 0, aα ∈ Z, i1 + . . . ik ≥ q and xα,j ∈ Fil
1
γ . We consider the
universal setting for the assertion; let R0 be the (universal) λ−ring over Z
generated by N ′0 and xα,j subject to the relation γ
k(N ′0) = 0 for all k > d.
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The augmentation ǫ : R0 → Z is defined to vanish on the generators. Let
x0 ∈ R0 be defined by the sum appearing in the equation above for x. Set
y = (−1)dx0γ
d(N ′0). Note that y ∈ Fil
q+d
γ . In the λ−ring R0 we have
λn(y) + (−1)nnq+d−1y ∈ Filq+d+1γ .
Set N0 := N
′
0 − d. By definition λ
n(y) = λn(N0, x)λ−1(N0) and λ−1(N0) =
(−1)dγd(N ′0). Therefore
(−1)dγd(N ′0)
(
λn(N0, x0) + (−1)
nnq+d−1x0
)
∈ Filq+d+1γ
Since the ring R0 is, by [SGA 6, Exp. V, 4.9.1], a polynomial ring in γ
m(N ′0)
for 1 ≤ m ≤ d and γp(xα,j) for p ≥ 1 and its γ−filtration coincides with
that given by the degree of the latter generators, it follows that
λn(N0, x0) + (−1)
nnq+d−1x0 ∈ Fil
q+1
γ .
To prove the assertion, it is enough to apply to this the λ−morphismR0 → R
given by N0 7→ N and xα,j 7→ xα,j. 
Theorem 4.4.− If S is a regular noetherian separated scheme, then for
any n ≥ 1, q ≥ 1 and x ∈ Filqtop(S) we have
ψn(x)− n
qx ∈ Filq+1top
Proof. First note that by 4.2 (or its proof), the ideals Filrtop are stable
under the operations ψn. In view of 2.6, this shows that it is enough to
prove that if i : Z → S is an integral closed subscheme of codimension q,
and x ∈ K ′0(Z), then α := ψn(i∗x)−n
qi∗(x) belongs to Fil
q+1
top (in fact we just
need the case x = cl(OZ)). We may assume that i is a regular immersion.
To see this note that since S is regular, the irreducible subscheme Z is
generically regularly embedded in S; there is an open subscheme j : U → S
containing the generic point of Z with S \ U ⊂ Z of codimension ≥ 1 and
such that Z ∩ S → U is regular of codimension q. Using the localization
exact sequence
K ′0(S \ U) −→ K
′
0(S)
j∗
−→ K ′0(U)→ 0
and 2.10, it is enough to show j∗(α) ∈ Filq+1top . For the latter note that as j
∗
is a λ−morphism (cf. 2.4 and the discussions following and preceding 4.1),
we can replace i by Z ∩ S → U . Therefore assume that i : Z → S is
regular. Using 4.2 and the fact that Z is regular (or restricting to the case
x ∈ im(θZ)), we are reduced to show
λn(i∗x) + (−1)
nnq−1i∗(x) ∈ Fil
q+1
top
for all x ∈ K0(Z). The result [4, 2.1] states that λ
n(i∗x) = i∗λ
n(N,x) in
K0(S) where N is the class of the co-normal sheaf NZ/S of Z →֒ S. Use 4.3
for (N, d, q, n) = (cl(NZ/S), q, 0, n) to obtain
λn(N,x) + (−1)nnq−1x ∈ Fil1γ
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in K0(Z). Apply i∗ to the above and note that i∗Fil
1
γ ⊆ Fil
q+1
top . The proof
of 4.4 is thus complete. 
Remark 4.5. The result 4.4 can be stated and proved in a slightly different
form. Namely, let i : Y →֒ X be a regular closed immersion of noetherian
schemes. Then for any y ∈ K0(Y ) and any n ≥ 1 we have
(4.5.1) ψn(i∗y) = i∗ψn(N, y)
whereN ∈ K0(Y ) is the class of the co-normal sheaf of Y →֒ X and ψn(N,x)
is defined as follows: let A, N and x be as in the discussion preceding 4.4.
Define ψn(N,x) by the generating function
−t
dλ(N,x)
dt
/λ(x) =
∑
n≥1
ψn(N,x)(−t)
n
where λ(N,x) =
∑
n≥0 λ
n(N,x)tn. Proofs and details are left to reader.
Now we consider the operations γi. Let x ∈ Filqtop. It follows from the
definition (2.4.1) of γn’s and 4.1 that γn(x) ∈ Filqtop for all n ≥ 1. Also note
that if x ∈ Filqtop with q ≥ 1, then for each n > q we have γ
n(x) ∈ Filq+1top .
The essential property is however the following.
Proposition 4.6.− Let S be a regular noetherian separated scheme. If
x ∈ Filqtop with q ≥ 1, then
γq(x)− (−1)q−1(q − 1)!x ∈ Filq+1top
Proof. The proof is similar to 4.4. 
Corollary 4.7.− Let S be a regular noetherian separated scheme of finite
dimension d. For any integer q ≥ 1 we have
(d− 1)!(d− 2)! . . . (q − 1)!Filqtop(S) ⊆ Fil
q
γ(S).
Proof. Let x ∈ Filqtop. By 4.6 we have x1 := (q − 1)!x ∈ Fil
q+1
top + Fil
q
γ .
Using 4.6 again (for q + 1) we obtain x2 := q!x1 ∈ Fil
q+2
top + Fil
q
γ . Using this
inductively and noting that Fild+1top = 0 we obtain the result. (Compare this
with [SGA 6, Exp. VII, 4.11]). 
It follows from 2.11 that for each integer q ≥ 0 there is defined a natural
map
ρ : grqγ(S)→ gr
q
top(S).
Corollary 4.8.− Let S be a regular noetherian separated scheme of finite
dimension. The natural map
ρ⊗ id
Q
: grqγ(S)⊗Q→ gr
q
top(S)⊗Q
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is an isomorphism for any q ≥ 0.
Proof. This follows directly from 4.7. 
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